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Abstract
Harmonic numbers and some of their generalizations are related to
Bernoulli numbers and polynomials. In this paper, we present a connec-
tionbetween generalized hyperharmonic numbers and poly-Bernoulli poly-
nomials. This relationship yields numerous identities for hyper-sums, se-
ries involving zeta values, and several congruences.
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1 Introduction
















where the empty sumH0 is conventionally understood to be zero. Harmonic
numbers naturally find places inmathematics and applications such as com-
binatorics, mathematical analysis, number theory, computer sciences. There-
fore, introducing new representations and closed forms for harmonic num-
bers and their generalizations ([5, 17, 16, 39]), evaluating series involving har-
monic numbers ([1, 8, 21, 32, 36, 37]), and relating harmonic numbers with





Among many other generalizations of harmonic numbers, we are inter-











p. These numbers extend two famous generalizations of










There is an extensive literature on harmonic and hyperharmonic num-





















which represent harmonic and hyperharmonic numbers in terms of Stirling
numbers, and Bernoulli numbers. These then give rise to the natural question
of representing generalized harmonic and generalized hyperharmonic num-
bers as similar formulas. An affirmative answer to this question is given by the
following theorem, which represents generalized hyperharmonic numbers in
terms of r-Stirling numbers and poly-Bernoulli polynomials.















k (q) is the kth poly-Bernoulli polynomial.
As a result, we deduce the following identity which answers the question




















k (0) is the kth poly-Bernoulli number.
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B2kζ (2k + 2) .
We also observe the following correspondence between generalized hy-





p (n) . (5)







p (n) = Sp (n) = 1
p+2p+· · ·+np. The sums of powers of integersSp (n)
have been interested since the classical times, for details see [18, 19, 27, 30].
Some recent studies on hyper-sums include explicit formulas, connection
with Bernoulli numbers, congruences, generating functions, and recurrence
formulas ([10, 11, 22, 29]).











q + n+ j










for a prime number p.
3
Apart from the identities (1) and (2), harmonic numbers are related to





















































can be written in terms of harmonic numbers of any kind. We deal with this
problem in Theorem 6. It is worthwhile to mention that in the proof of The-
orem 6, the question raised in [15, 31] on the general form of higher order
derivatives of h
(x)
n with respect to x is answered in a different sense.
The organization of the paper is as follows. Section 2 is a preliminary sec-
tion in which we give notation and basic definitions needed in the paper. In
Section 3 we prove Theorems 1 and 6, and obtain some recurrence formulas
for hyperharmonic and generalized harmonic numbers. Section 4 is devoted
to a representation of the Euler sums ζH(p,q) (r) together with a series expan-
sion of the Ape´ry constant ζ (3) in terms of the Riemann zeta function. In
Section 5 utilizing (5) we derive numerous formulas for hyper-sums S
(q)
p (n).
Moreover, new results for sums of powers of integers Sp (n) are presented. We
conclude the paper with Section 6 where we present congruences for gener-
alized hyperharmonic numbers, hyperharmonic numbers and hyper-sums.
2 Preliminaries
r-Stirling numbers, which are natural generalizations of ordinary Stirling num-
bers, may be defined either in a combinatorial or in an analytic way. Analytic






























, may be defined
by the ordinary generating function
(x+ r)
n































































is the ordinary Stirling number of the first kind.
We list some of the basic facts about Stirling numbers in the following.
































































































where δm,nstands for the Kronecker’s delta ([6]).












≡ 0 (modn) for a prime number n, provided that
k = 2, 3, . . . , n− 1 ([20]).





















The generating function of the generalized hyperharmonic numbersH
(p,q)
n
















the generating function of hyperharmonic numbers h
(q)




n+ q − 1
q − 1
)
(Hn+q−1 −Hq−1) . (11)
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n (0) = B
(p)












Poly-Bernoulli numbers can be also represented in terms of Stirling numbers
























0 (x) = 1, B
(p)




etc. Poly-Bernoulli polynomials and numbers, which are studied recently
in different directions ([3, 9, 28, 38]), are generalizations of Bernoulli poly-
nomials Bn (x) and Bernoulli numbers Bn in that B
(1)
n (x− 1) = Bn (x) and
B
(1)
n = Bn withB
(1)
1 = −B1.
3 Generalized hyperharmonic numbers
We start this section by proving Theorem 1.





























































Then, comparing the coefficients of t
k
k! in the both sides of the above equation
gives













Applying r-Stirling transformation to the above equation, we obtain the de-
sired result (3).
The following interesting alternating sum




for harmonic numbers motivates the next result.






































Proof. Using the obvious relation










































The proof then follows by simple manipulation.




























































































P (r,m+ k,m) tk =





















and the polynomial Pn (x1, x2, . . . xn) is defined by P0 = 1 and
Pn (x1, x2, . . . xn) = (−1)
n
Yn (−0!x1,−1!x2, . . . ,− (n− 1)!xn) ,
where Yn is the exponential Bell polynomial [13]. A first few of them may be
listed as
P1 (x1) = x1, P2 (x1, x2) = x
2
1 − x2, P3 (x1, x2, x3) = x
3
1 − 3x1x2 + 2x3,




1x2 + 8x1x3 + 3x
2
2 − 6x4.








k (k − 1) · · · (k − l + 1)Bk−l (q)
= n!
(
n+ q + r − 1
q + r − 2
)
P (l + 1, n+ q + r − 1, q + r − 2) . (17)
















(− ln (1− t))l+1
(1− t)
x+1 .











P (l + 1, q + n, q) . (18)
For p = 1 and q → x− 1,with the use ofB
(1)










Bk (x) = h
(x+r−1)
n+1 .
Iterating B′k (x) = kBk−1 (x) l times on the left-hand side and observing (18)
for the right-hand side yield the closed formula (17).
It is seen that (17) reduces to (1) for r = q = 1 and l = 0, and to (7) for
l = 1. Another demonstration of (17) is the following example corresponding










k (k − 1)Bk−2 (q)
=
(
n+ q + r − 1













































Remark 1 We note that (18) gives an answer to the question raised in [15, 31]
on the general form of higher order derivatives of h
(x)
n with respect to x.
4 Series involving zeta values
Theorem1also leads to some interesting results for some kinds of Euler sums.
Multiplying (3) by 1/ (n+ 1)! (n+ 1)
l+1
and then summing overn, we find that



































has been discussed firstly in [1]. Its expression in terms of zeta values has
been given in [36] as
W (k, l) =
(−1)
k+l














(−1)k+l−i−j (k + l − i− j − 1)!
×W (i, j) ζ (k + l − i− j) ,
for k ≥ 1 and l ≥ 0. By means of this recurrence, it follows that
W (k, 0) = (−1)
k
k!ζ (k + 1) andW (1, l) = (−1)
l+1
l!ζ (l + 2) .
In the recent work [8], it has been shown that the Euler sum ζH(p,q+1) (l)
can be represented in terms of Euler sums of generalized harmonic numbers









Therefore, the right-hand side of (19) can be expressed in terms of various
Euler sums, and hence in terms of zeta values.
Particular values for q and l in (19) yield elegant formulas involving poly-









k−1W (k, l) = (−1)
l
l!ζH(p) (l + 2) , (20)
Utilizing the identity [21, Theorem 1]





N − 2j − 1
p− 1
)






N − 2j − 1
N − p− 1
)
ζ (N − 2j) ζ (2j)− ζ (0) ζ (N) ,
which is valid for odd N ≥ 3 and p = 1, 2, . . . , N − 2, the left-hand side of
(20) can be expressed in terms of Riemann zeta values for odd p + l ≥ 1. For





k−1ζ (k + 1) =


















k−1ζ (k + 1) =
11
2
ζ (5)− 2ζ (3) ζ (2) ,




















, n ≥ 0,
and the fact thatB2n+1 = 0 for n ≥ 1.
For another example, we first note that


















(k + 1) ζ (k + 2)−
k−1∑
m=1
ζ (m+ 1) ζ (k + 1−m)
)
,
and the well-known Euler’s formula
2ζH (k + 1) = (k + 3) ζ (k + 2)−
k−1∑
m=1












k−1 {ζH (k + 1)− ζ (k + 2)}
=
(












ζ (p+ 3− 2j) ζ (2j) , (21)
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k−1 {ζH (k + 1)− ζ (k + 2)} = 9ζ (5) ζ (0) + 3ζ (3) ζ (2) .





Bk−1 (q)W (k, l) = (−1)
l
l!ζh(q) (l+ 2) , (22)








is the Euler sum of hyperharmonic numbers. The left-hand side of (22) can












ζH (r − k + 1)−Hq−1ζ (r − k + 1) +
q−1∑
j=1




















(−1)k−1 Bk−1 + k − 1
}
{ζH (k + 1)− ζ (k + 2)} .
Now p = 1 in (21) gives
∞∑
k=1
(−1)k−1Bk−1 {ζH (k + 1)− ζ (k + 2)} = ζ
2 (2) + 3ζ (4) ζ (0) ,
from which we deduce that
∞∑
k=1
k {ζH (k + 2)− ζ (k + 3)} = 2ζ (3) +
11
4
ζ (4)− ζ2 (2)− ζ (2) .
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5 Hyper-sums of powers
The hyper-sums of powers of integers S
(q)





with the initial condition S
(0)
p (n) = Sp (n). We note that S
(q)





















These simply imply the relation
H(−p,q+1)n = S
(q)
p (n) . (23)
Therefore, we can translate the results given for generalized hyperharmonic
numbersH
(p,q)
n to hyper-sums S
(q)







q + 2n− k
2n− k
)





























p for the poly-Bernoulli










B(−k)p = Sp (n+ 1) .
Our next result utilizes the following lemma, which is a polynomial exten-















































1− (1− et) (1− ey)


























Last equality, (14) and (8) give the desired result.




















































n+ r + s− 1
j + r + s− 1
)
,
we obtain the following.










j + q + 1
)
. (25)
Remark 2 We note that a slightly different form of (25) can be found in [10, 11].















Next result is an alternative representation for S
(q)

























n+ q + j
q + j + 1
)
. (27)






























Using (28), the relation [24, Eq. (22)] (1 + x)wn (x) = x (−1)
n
wn (−x− 1) ,





























which implies the result.









n+ q + j + 1
q + j + 1
)
j!,
which can be obtained utilizing












in the generating function (10).























































j! (j + 1)
n
.
We conclude this section by stating further results for hyper-sums and
sums of powers, and some of their consequences.







































Proof. For (30), we appeal to the generating function of S
(k)
p (n) depending


























Hence, the proof follows from (8) and (9).












































































= Sq (n) ,
which is (31).



















(Hn+q −Hq −Hn) .































































































































Thus, the proof follows from (11).
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6 Congruences
In this section we present several congruences for hyperharmonic numbers,
generalized hyperharmonic numbers, and hyper-sums. The motivation rises
from the formulas established in Sections 3 and 5, where hyperharmonic num-
bers and hyper-sums are formulated in terms of Stirling numbers.
Throughout by a congruence x ≡ y (modm), we mean that the rational
numbers x = ab and y =
c
d satisfy x ≡ y (modm) if and only ifm| (ad− bc). We
also call a rational number as anm-integer whenever its denominator is not
divisible bym.
We start by reviewing some basic facts about Bernoulli numbers and poly-
nomials.
Lemma 12 We have
(1) (von Staudt-Clausen) For n = 1 and for any even integer n ≥ 2, we have






where An is an integer and p is a prime number. Equivalently, we have
pBn ≡
{
−1 (modp) , if p− 1 divides n,
0 (modp) , if p− 1 does not divide n.
(2) If q is an integer, then Bn(q)−Bnn is an integer ([34, p. 6]).
The following result is about a divisibility property for generalized hyper-
harmonic numbers.
Theorem 13 Let n be an odd prime. For positive integers p and q, we have
npH
(p,q)
n+1 ≡ q (modn) .













Multiplying both sides by np−1 and separating out the terms with k = 0, k =











































We consider each these terms separately.
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0 (q) = 0.






























Now, from [2] we observe that B
(p)
m is an n-integer form = 0, 1, . . . , n − 2. On
the other hand, npB
(p)
n−1 is an n-integer satisfying
npB
(p)
n−1 ≡ −1 (modn) .































































Since p ≥ 2 and B
(p)









n−m ≡ 0 (modn) .
We also have npB
(p)
n−1q ≡ −q (modn). Now, in [2] it has been also proved that
np−1B
(p)



























































By Lemma 3 (4) and the fact thatB
(p)
m is an n-integer form = 0, 1, . . . , k, where










k (q) ≡ 0 (modn) .

















≡ −q (modn) .
The result follows fromWilson’s theorem.
Now for an odd prime n, let p = 1 and r = 0 in (3). Since B
(1)
k (q) =
Bk (q + 1), withB1 (q + 1) = q +
1
















































































Bn−1 (q + 1)−Bn−1
n− 1
≡ n
Bn (q + 1)−Bn
n
≡ 0 (modn) ,
and Bn = 0 since n is an odd prime. On the other hand, by Lemma 12 (1),
nBn−1 ≡ −1 (modn) ,
and Bk is an n-integer for k = 2, 3, . . . , n− 2. Then, by Lemma 3 (4), we have
n!H
(1,q)




















byWilson’s theorem. Canceling (n− 1)! gives
nH
(1,q)









≡ q (modn) ,
the desired result.
Next we present a symmetric-type congruence for hyperharmonic num-
bers.







≡ n (modq) .





























































by Lemma 3 (3) and (4). Now, 1 ≤ n ≤ q − 1 implies that
(n+ 1) (n+ 2) · · · (n+ q)Hn ≡ 0 (modq)
and
Sq−1 (n) = 1














≡ (−1)q n (modq) .

























≡ −n (mod q) and the result follows from
Wilson’s theorem.
We conclude this section by stating two congruences about hyper-sums
S
(q)
p (n). In [29] congruences forS
(q)
p (n)whenn is a prime numberwere given.
Here we give results modulo a prime number p.
Theorem 15 For a prime number p, we have
S(q)p (n) ≡
(




Proof. Let p be a prime in (27). Then














n+ q + p












n+ q + j
q + j + 1
)
j!.
By Lemma 3 (2) and (4), we obtain that
S(q)p (n) ≡ (−1)
p+1
(




This gives the result.
Next result seems obvious, but we record it here as an application of the
formula for hyper-sums in terms of poly-Bernoulli polynomials with negative
index. For this we need the following result about poly-Bernoulli polynomi-
als.
Lemma 16 Given a prime number p, a positive integer n, and a nonnegative
integer q, we have
B(−p)n (q) ≡ (q + 2)
n (modp) .


























j! (j + q + 1)
n
≡ (−1)p+1 (q + 2)n ≡ (q + 2)n (modp) ,
the desired result.
Proposition 17 Given a prime number p and a nonnegative integer q, we have
pS(q)p (p+ 1) ≡ 0 (modp) .
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Proof. With the use of (23) in Theorem 1 for r = 0, we find that










Now let p be a prime and set n = p. By Lemma 3 (1) and (4),

































p (q) (modp) .
By Lemma 16 and Wilson’s theorem, we conclude that







and the result follows from Fermat’s little theorem.
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